We observed in our previous paper that all the complex structures on four-dimensional compact solvmanifolds, including tori, are left-invariant. In this paper we will give an example of a six-dimensional compact solvmanifold which admits a continuous family of non-left-invariant complex structures. We also provide a complete classification of threedimensional compact homogeneous complex solvmanifolds; and determine which of them admit pseudo-Kähler structures.
Introduction
A homogeneous manifold M is a differentiable manifold on which a real Lie group G acts transitively. In the case where M is a complex manifold, we usually assume that the group action is holomorphic, and M is called a homogeneous complex manifold (cf. [11] ). A homogeneous complex structure on a Lie group G (considered as a homogeneous manifold) is nothing but a left-invariant complex structure on G; and it is a complex Lie group if and only if it is both left and right-invariant. There are already extensive studies on left-invariant complex structures on Lie groups [7] [8] [9] : for instance, the classification of all homogeneous complex surfaces is known, which includes all two-dimensional compact homogeneous complex manifolds and all left-invariant complex structures on four-dimensional simply connected Lie groups [7] . Any left-invariant complex structure on a Lie group G defines a canonical complex structure on its quotient M = Γ \G, where Γ is a discrete subgroup of G. We call such a complex structure a left-invariant complex structure on M. Remark that unless the canonical right action of G on M is holomorphic, M may not be a homogeneous complex manifold.
In this paper we call a compact homogeneous manifold of solvable (nilpotent) Lie group a solvmanifold (nilmanifold); and a homogeneous complex solvmanifold (nilmanifold) a complex solvmanifold (complex nilmanifold). In our previous paper [3] , we showed that all the complex structures on a four-dimensional solvmanifold M are left-invariant: that is, expressing M as Γ \G (up to finite covering), where G is a four-dimensional simply connected solvable Lie group and Γ is a lattice of G, they are all induced from some left-invariant complex structures on G. To be more precise, we showed: A natural question then arises whether the last assertion in the theorem also holds for higher dimension. We will show in Section 5 that there exists an example of a six-dimensional solvmanifold which admits a continuous family of nonleft-invariant complex structures (see Theorem 4) . In fact, in the paper [6] Nakamura constructed small deformations of a three-dimensional complex solvmanifold Γ \G, where G is a complex solvable Lie group of dimension 3 and Γ is a lattice (uniform discrete subgroup) of G; and showed in particular that there exists a continuous family of complex structures whose universal coverings are not Stein (as noted in the paper, this construction is actually due to Kodaira). Therefore, in order to show that there exist non-left-invariant complex structures on a six-dimensional solvmanifold, it is sufficient to show that all the left-invariant complex structures on G are biholomorphic to C 3 (see Theorem 3) . Note that this result implies that neither complex-homogeneity nor left-invariance of complex structure is preserved under small deformations. We have some conjectures relating to small deformations and left-invariant complex structures on solvmanifolds. It should be noted that a symmetric bounded domain (which is Stein) can be realized as a left-invariant complex structure on a simply connected non-unimodular solvable Lie group, and that small deformations of a complex torus are all left-invariant. We know that the conjectures (i) and (ii) hold for dimension 4 (see [3, 7] ), and for all left-invariant complex structures and their small deformations on nilpotent Lie groups of dimension 6 [8] . Remark also that the conjecture (i) implies in particular that the above example of non-left-invariant complex structures on a six-dimensional solvmanifold M are not left-invariant with respect to any other possible solvmanifold structure on M.
Theorem 1. (See [3].) A complex surface is diffeomorphic to a four-dimensional solvmanifold if and only if it is one of the following

Conjecture. (i)
In the paper [6] Nakamura has classified three-dimensional complex solvmanifolds M into four classes: (1) 
In Section 3, determining all lattices of three-dimensional unimodular complex solvable Lie groups we will complete the classification of three-dimensional complex solvmanifolds. In the paper [13] Yamada gave the first example of a complex solvmanifold which admits a pseudo-Kähler structure. In Section 4 we will show that a three-dimensional complex solvmanifold admits a pseudo-Kähler structure if and only if it is of type (1) or (3b) (see Theorem 2).
Preliminaries
We briefly review some basic results on left-invariant complex structures on Lie groups. For the details we refer to the paper [9] .
Let G be a connected, simply connected Lie group of dimension 2m, and g the Lie algebra of G. We consider a leftinvariant almost complex structure J on G as a linear automorphism of g, that is, J ∈ GL(g, R) such that J 2 = −I. As is well known J is integrable (that is, it defines a left-invariant complex structure on G) if and only if the Nijenhuis tensor N J on g vanishes identically, where N J is defined by
Let g C = g ⊗ C be the complexification of g. We will reformulate the integrability condition of J in terms of complex subalgebras of g C . For an almost complex structure J on g, let h J be the complex subspace of g C = g ⊕ √ −1g generated by
Then, we see that J is integrable if and only if h J is a complex Lie subalgebra of g C such that g C = h J ⊕ h J . On the other hand, we have the following lemma.
It follows from this lemma and the above argument that there exists one-to-one correspondence between complex (integrable almost complex) structures on g and complex Lie subalgebras h such that g C = h ⊕ h. The correspondence is given by J → h J and h → J h .
We now suppose that J is a complex structure on g with its associated complex Lie algebra h J . Then the complex Lie subgroup H J of G C corresponding to h J is closed, simply connected, and H J \G C is biholomorphic to C m . The canonical inclusion g → g C induces an inclusion G → G C , and Γ = G ∩ H J is a discrete subgroup of G. We have the following
where π is a covering map, and i is an inclusion. We can see that Im g is an open subset U of C m , and the complex structure J on G is the one induced from U ⊂ C m by g. It should be noted that if G is a connected, simply connected complex solvable Lie group, we have Γ = G ∩ H J = {1}, and g is a biholomorphic map onto C m .
Three-dimensional unimodular complex solvable Lie groups
A classification of compact complex solvmanifolds of dimension 3 was obtained by Nakamura [6] . In this section, we complete the classification, determining all lattices of simply connected unimodular solvable Lie groups.
A complex solvmanifold can be written as Γ \G, where G is a simply connected, unimodular complex solvable Lie group and Γ is a lattice (uniform discrete subgroup) of G [1] . In particular, the Lie algebra g of G must be unimodular; that is, the trace of ad( X) is 0 for every X of g. It is easy to classify all unimodular complex solvable Lie algebras of dimension 3.
They are divided into three classes: (1) abelian type, (2) nilpotent type, (3) non-nilpotent type.
In the following list, we express the solvable Lie algebra g as having a basis {X, Y , Z } with the bracket multiplication specified for each type:
(1) Abelian type:
For each of their corresponding simply connected solvable Lie groups G, we will determine all lattices Γ : (1) Abelian type: G = C
.
A lattice Γ of G is generated by a basis of C 3 as a vector space over R, and Γ \G is a complex torus. 
A lattice Γ of G can be written as
where is a lattice of C 2 and Λ is a lattice of C. Since an automorphism f ∈ Aut(C) defined by f (x) = αx, α = 0 can be extended to an automorphism F ∈ Aut(G) defined by F (x, y, z) = (αx, α −1 y, z), we can assume that Λ is generated by 1 and λ (λ / ∈ R) over Z. Since is preserved by φ(1) and φ(λ), we see that is generated by (α 1 , β 1 ), (α 2 , β 2 ), (0, α 1 ), (0, α 2 ) over Z, where β 1 and β 2 are arbitrary complex numbers, and α 1 and α 2 are linearly independent over R such that (α 1 , α 2 ) is an eigenvector of some A ∈ GL(2, Z) with the eigenvalue λ. Conversely, for any A ∈ GL(2, Z) with non-real eigenvalue λ, we can define a lattice Γ of G. 
with the characteristic polynomial given by
For the lattice Λ of C generated by λ = log γ and μ = kπ √ −1 (k ∈ Z), and the lattice [6] .) Take A ∈ SL(2, Z) with two real eigenvalues γ −1 , γ , γ = ±1, and their real eigenvectors
Example 3. (See
tors for A ⊕ A ∈ SL(4, Z) with eigenvalues γ −1 , γ . For the lattice Λ of C generated by λ (λ = log γ ) and μ = kπ
and the lattice of C 2 generated by (a 1 ,
Let M = Γ \G be a three-dimensional complex solvmanifold, where G is a simply connected solvable Lie group with lattice Γ . Then, since G is linear algebraic, applying a fundamental theorem of Winkelmann [12] , we have dim H
where O denotes the structure sheaf of M, n the nilradical of g, and W the maximal linear subspace of [g, g]/[n, n] such that Ad(ξ ) on W is a real semi-simple linear endomorphism for any ξ ∈ Γ . Note that dim
, and Ad(ξ )|W is diagonalizable over R.
We can determine h
completely from Winkelmann's formula above and our classification of threedimensional complex solvmanifolds (cf. [6] ):
(3a) Non-nilpotent type with either γ or δ /
We see that complex solvmanifolds in Example 2 are of type (3a), and those in Example 3 are of type (3b).
Remark 2.
An example of type (3a) in Nakamura's paper [6] is not properly constructed: For an algebraic integer α satisfying α 2 + 5α + 7 = 0 and an elliptic curve E with fundamental periods {1, α}, he defines a group of analytic automorphisms H of C × E × E generated by σ 1 : (z 1 , z 2 , z 3 ) → (z 1 + 2π i, z 2 , z 3 ), and σ 2 : (z 1 , z 2 , z 3 ) → (z 1 + β, (−α − 2)z 2 , (α + 3)z 3 ), where β = log α; and asserts that M = C × E × E/H provides an example of type (3a). However, since H contains an abelian subgroup Z 2 of finite index generated by σ 1 and σ 3 2 , M is clearly a finite quotient of a complex torus, which is Kählerian, contradicting the well-known fact that the only compact complex paralellizable Kähler manifold is a complex torus (it actually defines a compact solvmanifold of different type with left-invariant complex structure).
Pseudo-Kähler structures on complex solvmanifolds
We recall the definition of pseudo-Kähler structure. Let M be a symplectic manifold with symplectic form ω. If 
Theorem 2. A three-dimensional complex solvmanifold admits a pseudo-Kähler structure if and only if it is of type (1), or of type (3b).
Proof. It is known (due to Yamada [13] ) that a complex solvmanifold of dimension n with pseudo-Kähler structure must have h 1 n (actually the equality holds here); in particular, a complex solvmanifold of nilpotent type or non-nilpotent type with either γ or δ / ∈ R admits no pseudo-Kähler structures. Therefore, in order to prove the theorem, it is sufficient to show that a complex solvmanifold Γ \G of non-nilpotent type with γ , δ ∈ R admits a pseudo-Kähler structure. In Section 3, we observed that we have γ , δ ∈ R if and only if Λ is generated by λ = a + kπ
We can construct a pseudo-Kähler structure ω on Γ \G, as in the paper [13] , in the following:
or using Maurer-Cartan forms (left-invariant 1-forms) ω 1 , ω 2 , ω 3 , on G,
Remark 3. We know [10, 4] that a complex solvmanifold admits Kähler structures if and only if it is a complex torus. On the other hand, we know [2] that a complex solvmanifold admits homogeneous (invariant) pseudo-Kähler structures if and only if it is a complex torus. Therefore, a complex solvmanifold, except a complex torus, admits neither Kähler nor homogeneous pseudo-Kähler structures.
Remark 4.
In the paper [14] Yamada showed, applying Winkelmann's formula, that a homogeneous complex pseudo-Kähler solvmanifold has the structure of complex torus bundle over a complex torus.
Left-invariant complex structures on complex solvmanifolds
Let G denote a complex solvable Lie group of non-nilpotent type (as defined in Section 3), and g its Lie algebra. Recall that g has a basis X, Y , Z over C with bracket multiplication defined by
Let g R denote the real Lie algebra underlying g. Then, g R has a basis X, X , Y , Y , Z , Z over R with bracket multiplication defined by
and all other brackets are 0.
Let g C denote the complexification of g R , that is,
We have the following split short exact sequence:
and b is the Lie subalgebra of g C generated by X, X over C. We now suppose that g has a left-invariant complex structure J with its associated complex subalgebra h of g C such that g C = h ⊕ h. Then, q = r(h) has the dimension 1 or 2, and k = ker(r|h) has the dimension 2 or 1 accordingly. But the second case is not possible, since the adjoint action of b on a has no invariant subspace of dimension 1. Therefore, we have the following split short exact sequence:
where dim k = 2, dim q = 1, and a = k ⊕ k, b = q ⊕ q. We can further assume that q is generated by U + √ −1U over C, and k is generated by
for some Q = (q ij ) ∈ GL(2, R) and P = (p kl ) ∈ GL(4, R). And since h is a subalgebra of g C , the following condition must be satisfied:
for some α, β, γ , δ ∈ C.
Remark that for the case Q = I ∈ GL(2, R) and P = I ∈ GL(4, R), we have Proof. For simplicity, we divide the proof into three steps.
Step 1. P = I and Q = (q ij ) ∈ GL(2, R), satisfying Eqs. (4a), (4b).
By calculation, we get
Hence, we have α = − Step 2. Q = I and P = (p kl ) ∈ GL(4, R), satisfying Eqs. (4a), (4b).
First, we define a linear automorphism T ∈ Aut(k) by
, and a linear endomorphism S X X ∈ End(k) by
Then, we have the equation:
and since h is a subalgebra of g C , the following equation must be also satisfied:
where I ∈ GL(2, C). Recall that we have defined P ∈ GL(4, R) as
Hence, from Eqs. (1), (2), (3), we get the equation:
It follows, by simple linear algebra, that A is conjugate over R to
Step 3. The general case for
Following the arguments in Steps 1 and 2, for any Q ∈ GL(2, R) and P ∈ GL(4, R), we see by calculation that Q is symmetric, and A = α β γ δ ∈ GL(2, C) is conjugate over R to 
, which extends to a complex automorphism of Lie algebras Φ :
To be more precise, for K ∈ GL(2, R) such that
, k is a linear map defined by K , and q is a scalar multiplication by 2η −1 .
For the original complex solvable Lie group (G, J 0 ) with its associated complex subalgebra h 0 , the complex subgroup H 0 of G C corresponding to h 0 is closed, simply connected and H 0 \G C is biholomorphic to We can also show that any left-invariant complex structures on three-dimensional complex solvable Lie groups of abelian type or nilpotent type are biholomorphic to C 3 . The proof is almost the same as for the case of non-nilpotent type in (2)), where Γ is a lattice of a simply connected nilpotent Lie group G. It is known [6, 8] that the moduli space of all left-invariant complex structures on an Iwasawa manifold has the dimension 6, while small deformations (Kuranishi space) of the Iwasawa manifold also has the dimension 6; and all of their universal coverings are biholomorphic to C 3 . It follows that small deformations of the Iwasawa manifold are all left-invariant.
